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Abstract: A multifractal formalism relates multiscale quantities to the multifractal spectrum.
The multifractal framework provides significant analytical advantages by incorporating
a wide range of statistical moment orders (g), thereby enabling a more comprehensive
characterization of the intrinsic structural variability embedded in the dataset. The scaling
properties of the analyzed rainfall time series was studied using Legendre transformation.
This tool is effective for detecting multifractality in the time series of interest and for
extracting information on scaling behavior. The obtained parameters may ultimately aid
in performing multifractal modeling. The 50-year-long daily rainfall time series shows
multifractal properties. The analysis of the generalized Hurst exponent /1(q) enabled the
classification of time series” temporal dynamics, distinguishing between persistent, anti-
persistent, and uncorrelated behavior. The multifractal analysis proves to be an effective and
robust tool to characterize precipitation time series in the context of climate change research.
Ultimately, the parameters and features derived from the multifractal spectrum—such
as singularity strengths and spectrum width—serve as both quantitative and qualitative
metrics for characterizing the spatiotemporal dynamics of rainfall in the semi-arid region
of the Central Mexican Plateau.

Keywords: multifractal analysis; Legendre transformation; singularity spectrum

1. Introduction

Precipitation as a climatic variable shows a high spatial-temporal variability, influenced
by climatic factors such as wind, temperature, and atmospheric pressure. It can manifest
itself in small, short-lived convective cells or in frontal systems that cover larger areas
and that last for days. This complexity has driven research focused on understanding the
physical mechanisms of rain generation and its representation in stochastic models [1-4].

The need to extrapolate data between different time scales in hydrology has high-
lighted the significance of scale theories such as the fractal and the multifractal theories.
The fractal theory and its subsequent evolution towards multifractal theory studies this
scale invariance mathematically, and it is used to describe overly complex phenomena with
simple power laws characterized by their exponents. The multifractals describe processes
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for which multiple scale exponents are needed. In the case of rain, the fractal or mono-
fractal theory would only serve to analyze its occurrence [5-10]. Nonetheless, since rainfall
is a highly variable nonlinear process over a wide range of time scales, it is necessary to
use multifractal theory to decompose the series into a spectrum of singularity exponents or
multifractal spectrum that provides detailed information on the distribution and intensity
of irregularities at different temporal and spatial scales. The multifractal analysis captures
heterogeneous and long-range dynamics, which provide a detailed description of both
regular patterns and extreme events, such as intense rainfall and droughts [11,12]. These
capabilities make it an indispensable approach to model the hierarchical and nonlinear
structure of the precipitation, where events interact across multiple time scales [13-15].

Within the scope of climate change, extreme events are becoming more frequent and
intense, posing significant challenges for water management, conservation of natural re-
sources, and critical infrastructure protection [16]. This scenario highlights the relevance of
advanced analytical approaches such as multifractal analysis, allowing for the identification
of intermittencies and scales of variability not detected by traditional models. Additionally,
its ability to describe the complex dynamics of precipitation contributes directly to the
Sustainable Development Goals (SDGs), more specifically the ones related to climate action,
sustainable water management, and disaster resilience.

Integrating these tools into climate research has significant implications on the design
of policies for the mitigation and adaptation of climate change. Under the sustainable
development goal (SDG) 13: Climate Action, multifractal analysis contributes to the un-
derstanding of changes in precipitation regimes, easing decision-making based on more
robust and predictable data. This is essential to improve the management of hydrological
risk, to optimize water resource planning, and strengthen community resilience to extreme
weather events [17-20].

One of the most relevant methods in multifractal analysis is Legendre transforma-
tion [21,22], which converts the moments of measurements into a continuous multifractal
spectrum. This spectrum offers a detailed representation of the precipitation fluctuations,
highlighting the singularities present in its distribution and allowing to characterize both
regularities and extreme events [23,24]. This analytical capability is essential to understand
and predict the occurrence of extreme events, providing a robust scientific basis for improv-
ing management and mitigation strategies under changing climate scenarios [25-28].

Succinctly, multifractal analysis not only enriches the comprehension of the complex
precipitation dynamics but also offers a valuable tool to address challenges related to
climate change, aligned with global sustainability and resilience goals. Its integration into
hydrological and climate studies represents a significant advance towards the effective
prediction and management of extreme events in an environment of increasing uncertainty.
Furthermore, multifractal analysis serves as a validation tool for stochastic precipitation
models by comparing the spectrum of the dimensions of the observed series and the
generated synthetic series [29,30]

Incidentally, inferences about global warming are based on the first moment of tem-
perature and consequently on the first moment of precipitation. Higher-order moments
have hardly been explored. Thus, conclusions about climate change could be strengthened
if moments of any order were linked to the time scale under study. Consequently, to fill this
gap, multifractal theory is the appropriate tool for conceptualizing changes in precipitation
moments over time.

This paper analyzes the temporal precipitation structure using multifractal measure-
ments, exploring its behavior at different time scales. By applying Legendre transformation,
fluctuations in precipitation were identified to characterize the spectrum of singularities,
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using data observed at the Centenario Dam station, located in the semi-desert region of the
central Mexican highlands.

2. Theory
2.1. Multifractal Formalism

Numerous signals exhibit self-similarity, meaning they retain consistent statistical
properties across multiple scales. This characteristic is typically associated with fractal
geometry, wherein the relationship between the measure of the domain and that of the
signal’s graph deviates from linear proportionality.

Multifractal analysis has been extensively employed across diverse scientific disci-
plines to characterize the complex scaling behavior of natural and synthetic signals. Central
to the multifractal framework is the formulation of the partition function Z(g,s), which
serves as the foundational tool for quantifying the distribution of singularities within a
dataset [31-33],

Npoxes ()
Z(qs) = ), wls) ey
i=1

The quantity y;(s) represents a measure that varies with the box size s, which defines
the scale used to cover the dataset. Each box is indexed by 7, and Ny, (s) denotes the total
number of boxes of size s required to fully encompass the sample. The parameter g is a
real-valued exponent that determines the moment order of the measure. While the specific
form of y;(s) may be chosen flexibly, it must satisfy the fundamental constraint ;(s) > 0.

The moment order g acts analogously to a magnifying lens, amplifying subtle differ-
ences between highly similar spatial distributions. It functions as a selective parameter:
large g values emphasize regions with higher measure values y;(s), whereas negative or
low g values accentuate contributions from regions with smaller y;(s). The scale parameter
s operates as a filtering mechanism, with larger values corresponding to coarse-scale ob-
servation and smaller values enabling fine-resolution analysis. By systematically varying
s, the underlying structure of the dataset is probed across multiple scales. Consequently,
the partition function Z(g, s) encapsulates multiscale information across different moment
orders [32,34].

The generalized dimensions are defined by the following equation, which captures the
scaling behavior of the partition function Z(g,s) as a function of the moment order g and
the scale s. These dimensions—commonly denoted as D(g)—quantify the complexity of
the measure’s distribution across scales and provide insight into the multifractal structure
of the dataset. 1 InZ(gs)

, nZ(q,s
D) =M= s @)

The parameters D(0), D(1) and D(2) correspond to the capacity dimension, infor-
mation dimension, and correlation dimension, respectively. A system is classified as
monofractal when the generalized dimension D(g) remains invariant across all moment
orders g; conversely, variability in D(q) indicates a multifractal structure. In most real-
world scenarios, the theoretical limit defined in Equation (2) cannot be rigorously evaluated
due to the absence of data at very small scales, or because scaling behavior breaks down
below a certain physical threshold [34]. Instead, a scaling regime is typically identified,
within which the partition function exhibits power-law behavior, thereby allowing a reliable
estimation of multifractal properties.

Z(q,s) ~s™W 3)
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The functional dependence between the scaling exponent 7(q) and the generalized
dimension D(q) is formally expressed through the following relation:

7(q) = (- 1)D(9). (4)

A standard metric for characterizing multifractal systems is the singularity spectrum,
also known as the Legendre spectrum f(a). This spectrum is defined by examining the
local scaling behavior of the measure. Specifically, for a given box j, the measure is assumed
to follow the power-law scaling relation:

yj(s) o sY, (5)

The exponent «, associated with each box j, is referred to as the Holder exponent.
In the case where all boxes exhibit identical scaling behavior characterized by a single a
value, the system is considered monofractal. Conversely, a multifractal structure arises
when distinct boxes exhibit varying Holder exponents, reflecting a spectrum of scaling
intensities across the measure. Defining S, as the subset of boxes sharing a common « and
Ny (s) as the number of such boxes at a given scale s, the multifractal formalism assumes
the following scaling relationships:

Ny () o s7F(®), (6)

By means of Legendre transformation, the quantities « and f(a) can be related with g
and 7(q) [35-37]:

a(q) = d;(q"), )
fla) = q(a)(q) — 7(q). ®)

The curve f(«) is a single-humped function for a multifractal, while for a monofractal
it is reduced to a point.

2.2. Multifractal Detrended Fluctuation Analysis

As outlined in [11,29,38-41], the Multifractal Detrended Fluctuation Analysis (MFDFA)
method involves a systematic five-step procedure. Let x; denote a time series of length
N, assumed to be of compact support—that is, x; = 0 for only a negligible portion of
the series.

Step 1: Construct the profile of the time series using the following expression, which
represents the cumulative sum of the demeaned signal:

1
Y(i) = 2 [xr — (x)], i=1,..., N, 9)

k=1

where (x) is the mean average of the series, meaning that

N
MZ&E&' (10)

Step 2: Partition the profile Y (i) into Ny = int(N/s) non-overlapping segments of
equal length s. Given that the total series length N is not necessarily an exact multiple
of the scale s, a residual portion may remain at the end of the series. To incorporate this
information, the segmentation procedure is repeated from the opposite end of the profile,
yielding a total of 2N, segments for subsequent analysis.



Atmosphere 2025, 16, 639

50f28

Step 3: For each of the 2N, segments, estimate the local trend by fitting a polynomial
to the profile using a least-squares regression. Subsequently, compute the variance between
the original profile and the fitted trend within each segment:

F(s,0) = 2Y {Y[(0 ~ Vs +1] - yo(0)}> ()
i=1

For each segment v, v =1,..., N;, and

F%(s,0) =

[V

I

{Y[N = (0= No)s +1] = (i)} (12)

Forv = Ns; +1,...,2Nj;, the local trend within each segment is represented by the
fitted polynomial i, (). The fitting can be performed using polynomials of varying degrees—
linear, quadratic, cubic, or higher—depending on the desired level of detrending. Since the
detrending process involves subtracting the local polynomial fit from the profile, the order
of the DFA determines its effectiveness in removing trends of corresponding polynomial
order from the time series.

Step 4: Compute the gth-order fluctuation function by averaging the variances over
all 2N segments, for g # 0, using the following expression. This step yields the mean
fluctuation amplitude at a given scale s, weighted according to the moment order g:

2N, 1/q
Fy(s) = {211\, Y|P (s,v)}m} . (13)

In this context, the parameter g may assume any real value except zero. Notably, when
g = 2, the formulation reduces to the conventional DFA method. The primary focus lies
in examining how the generalized fluctuation functions F,(s) vary as a function of the
timescale s for different values of g. To this end, Steps 2 through 4 must be repeated across
multiple values of s. As expected, F;(s) increases with larger s. It is important to note that
F;(s) also depends on the detrending polynomial order #, and, by definition, it is only
valid for timescales satisfying s > m + 2, where m denotes the degree of the polynomial
used to remove local trends in each segment.

Step 5: Evaluate the scaling behavior of the fluctuation functions by examining the
log-log relationship between F;(s) and the timescale s for each value of 4. If the time series
x; exhibits long-range power-law correlations, then F;(s) follows a power-law dependence
for sufficiently large s, indicating scale-invariant dynamics.

where h(gq) denotes the generalized Hurst exponent characterizing the correlation structure
of the time series at different moment orders.

Finally, function /1(q) is obtained by taking the logarithm on both sides of Equation (14),
resulting in

log (Fy(s)) = h(q) - log(s) +c. (15)

As a direct consequence, from the established relations between Equations (3), (7) and (8),
we found that

T(q) =qh(q) =1, a=7'(q9) = h(q)'(q) y f(a) =q(a—h(g))+1, (16)
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where 7(g) is the mass scaling exponent, /1(q) represents the generalized Hurst exponents,
w is the singularity strength or Holder exponent, while f(«) denotes the dimension of the
subset of the series characterized by « [11].

The spectrum width Aa = a5 — i, Serves as a quantitative measure of the degree
of multifractality, reflecting the extent of variability in the Holder exponents across the
series. A larger Ax implies a higher degree of structural complexity and heterogeneity in
the signal. The parameter a,,;,, corresponds to the most irregular or singular fluctuations,
whereas w4y captures the smoothest components of the process. The central parameter g,
which identifies the value of a at which the multifractal spectrum f(«) attains its maximum,
offers insight into the dominant scaling behavior of the system. Higher values of « indicate
reduced temporal correlation and the presence of fine-scale variability, while lower values
suggest increased regularity and stronger correlations within the process [41-43].

As part of the multifractal analysis of the rainfall time series, the fluctuation function,
generalized Hurst exponent /(g ), mass scaling exponent 7(g), multifractal spectrum f(«),
and the characteristic multifractal parameters (&yax, &min, @0, and Aa) were computed in
accordance with the formulations provided in Equations (9) to (16).

A critical aspect of the MFDFA procedure involves the selection of the segment size s,
as the gth-order fluctuation function F,(s) is inherently dependent on this parameter. For
this analysis, two s were selected, s = 50 and s = 100. For the g parameter, two scenarios were
considered: one with q values ranging from —10 to 10, and another with q values ranging
from —6 to 6. This study considered four scenarios for multifractal analysis: two ranges
for the moment order q (—10 to 10 and —6 to 6), each applied to two different temporal
scales. The analysis was performed on the full precipitation series from 1951 to 2001 and
was replicated for each of the five individual decades within that period.

3. Results and Discussion
3.1. MFDEFA Results

The Multifractal Detrended Fluctuation Analysis was applied to rainfall time series
which comprises data records between 1951 to 2001.

The structure of a rainfall event used for this analysis was conceptualized as (i) a
sequence of non-null quantities of rainfall which size is represented by a column of ac-
cumulated water, starting from the beginning of the rainfall until its end. Hence, each
value conforming to a rainfall time series results in the accumulation of a rainfall event.
However, it is important to mention that null spaces and days without any rainfall record
were eliminated in the calculation, resulting in a continuous time series conformed by
rainfall events with values greater than zero.

We present the results obtained once the Multifractal Detrended Fluctuation Analysis
method has been applied (as shown in Section 2).

The objective is to derive the singularity spectrum as evidence of the multifractal
characteristics inherent in the rainfall time series. To verify this behavior, the statistical
moment parameter ¢ must be defined; in this study, 4 was varied from —10 to 10. The
time series profile was constructed using Equation (9). with g4 = 10. Based on this profile,
fluctuation functions were subsequently evaluated for 4 = 10 and g = 6, as illustrated
in Figure 1. It is noteworthy that the fluctuation analysis was performed using 100 non-
overlapping segments (s) or window sizes in this particular case.
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Fluctuation Function
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] T 1
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Figure 1. Log-log representation for the fluctuation function coming from rainfall data with g = 10
and g = 6.

Figure 1 presents the fluctuation function F(s), which reflects the scaling behavior
of the signal based on a fixed number of analysis windows. The plot exhibits multiple
slope variations and irregular fluctuations, indicating the presence of multiple scaling
regimes. Such variations in slope are characteristic of multifractal processes. This behavior
is consistent across the examined statistical moments, particularly g = 10 and g = 6, further
confirming the multifractal nature of the rainfall time series.

This procedure is systematically applied across multiple temporal scales (segment
sizes) of the time series to establish the relationship between the fluctuation function F(s)
and the segment length s, for various values of the statistical moment g. Moreover, the
slope of the log—log plot of F(s) versus s corresponds to the generalized Hurst exponent
associated with the g-order moment, as defined in Equation (14).

The Logarithmic transformation of Equation (15) provides the generalized Hurst
exponent for g = 10, as shown in Figure 2.

Figure 2 provides further evidence that the rainfall time series exhibits multifrac-
tal characteristics, as indicated by the pronounced dependence of the mass exponent
function 7(gq) on the statistical moment 4. The asymmetric behavior observed for g < 0
and g > O reflects distinct variations in the slope of the connecting segments, suggest-
ing differing scaling properties for small and large fluctuations. Based on the relation
h(g = 10) — 1 = H, the estimated Hurst exponent is 0.38, yielding a corresponding fractal
dimension of Dy = (2 — H) = 1.62. For negative values of g, the slope of 7(q) is approxi-
mately 0.69, whereas for positive values it is approximately 0.34. Additionally, the convex
shape of the 7(g) curve supports the multifractal nature of the time series.

The multifractal—or singularity—spectrum was derived via Equation (16), which
represents the Legendre transform pair used to relate the mass exponent function to the
singularity strength and fractal dimension. Figure 3 presents the resulting multifractal
spectrum of the rainfall time series for statistical moment values g4 = —10 and q = 10.
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Figure 2. Function /(gq) and 7(g) for values q between —10 and 10. This function generates a
multifractal spectrum.

1 Multifractal gpectrum
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Figure 3. Multifractal spectrum of rainfall series recorded between 1951 and 2001. f(«) was obtained
from functions h(q) and 7(g) for values of q from —10 to 10.

The multifractal spectrum displayed in Figure 3 exhibits a concave shape, indicative of
a heterogeneous structure composed of regions characterized by distinct Holder exponents
(«). This heterogeneity gives rise to the multifractal spectrum f(a), where the inverse
parabolic form of the curve confirms the multifractal nature of the rainfall time series.
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The width of the spectrum, defined as Ax = (&yax — &y ), quantifies the variability or
complexity of the signal. In this study, A« serves as a direct measure of the degree of multi-
fractality present in the precipitation data. For the analyzed series, the estimated values
of &y = 0.70 and w5, = 0.32 yield a spectral width of Ax = 0.38, reflecting the range of
singularities and underscoring the multifractal strength inherent to the rainfall process.

The presence of a dense clustering of points at both extremes of the multifractal
spectrum typically suggests the occurrence of extreme events that deviate substantially
from the mean. This behavior is particularly informative when analyzing higher-order
moments across a broad range of g values. Conversely, an asymmetry in the spectrum,
where one branch is noticeably shorter than the other, may reflect a more homogeneous
distribution of values within the dataset.

Keeping up with the results, we carried out a similar analysis to the previous moment
g = 10 but with g = 6. Multifractal spectrums f(«) for values ranging from —6 to 6 were
obtained from functions F(s), h(gq) and 7(gq), proving multifractal behavior in rainfall for
this order of moment. The results are shown in Figure 4.

Generalized Hurst Exponent
1 -

0.8 -
O Q. g 0.6 -
0.2 -
7777777777 o g=(-6,6)
0
I : ‘ ‘ ‘ ‘
-6 -4 -2 ‘ i ' 6

3
2 |

(9
[ )

B o g=(-66)

q

Figure 4. Function 1(q) and 7(q) for values g between —6 and 6. This function generates a multifrac-
tal spectrum.

Figure 4 illustrates the multifractal behavior of the rainfall time series, evidenced by
the marked dependence between the statistical moment g and the mass exponent 7(g). The
asymmetric scaling response for positive and negative g values—reflected in the distinct
slopes across the 7(g) curve—demonstrates that small- and large-magnitude fluctuations
contribute differently to the overall dynamics. Based on the relationship between the
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Hurst exponent and the scaling exponent /(g), the Hurst exponent was estimated as 0.38.
Consequently, the fractal dimension was calculated as 1.58.

For this case, we obtained a slope 7(gq) of 0.62 with negative values of g4, whereas for
positive values we obtained 0.38. Curve 7(g) is also a convex curve, hence, it presents
multifractal characteristics.

As previously outlined, the multifractal—or singularity—spectrum was computed
using Equation (16), which represents the Legendre transform pair. Figure 5 displays the
resulting multifractal spectrum for the rainfall time series corresponding to q values of —6
and 6.

Multifractal Spectrum

0.8 - S’ .

0.6 -

f(o0)

0.4 -

0.2 -

0 T T T T 1
0 0.2 0.4 0.6 0.8 1

Figure 5. Multifractal spectrum of rainfall series recorded between 1951 and 2001 for values of g
between —6 and 6.

The spectrum illustrated in Figure 5 exhibits a maximum singularity strength (&max)
of 0.67 and a minimum value (&, ) of 0.36, yielding a spectral width (Aa) of 0.29.

In this case, the multifractal spectra presented in Figures 3 and 5 exhibit a relatively
symmetric shape, with comparable lengths of the left and right branches, indicating a
homogeneous distribution of singularity strengths («) and their corresponding fractal
dimensions f(«).

Moreover, a multifractal analysis of the previous time series is presented with the
difference that, in this analysis, the number of segments or windows is down to 50, but
with the same statistical moments for g as the previous analysis. Following the application
of Equation (9) to construct the cumulative profile of the rainfall series, a subsequent
fluctuation function analysis was performed for g = 10 and g = 6, utilizing window sizes
of 50 segments, as illustrated in Figure 6.

Figure 6 represents the evolution of the fluctuation function when analyzing only
50 segments or windows. The figure also reveals notable variations and slope transitions in
the fluctuation function for both g = 10 and g = 6, indicative of scale-dependent behavior.
By contrasting the fluctuation functions showed in Figures 1 and 6, it can be noticed that, in
the latter, the fluctuation function presents less oscillations due to less analyzed windows.
Hence, we obtained a better (intermittency of the discretize) signal. As mentioned in
the previous analysis, changes in slope are signals of multiple scaling, (i.e., multifractal
nature). This pattern is highly consistent across both analyzed moments, g = 10 and
g = 6. Moreover, the slope of the fluctuation function corresponds to the generalized Hurst
exponent /1(q) associated with each moment order. Figure 7 shows that the rainfall time
series has clear multifractal characteristics, as reflected in the strong dependence between
the generalized exponent g and 7(g). The analysis resulted in a Hurst exponent of 0.38
and a corresponding fractal dimension of 1.6. The slope 7(7) was estimated to be 0.69 for
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negative values of g and 0.35 for positive values. In addition, the convex profile of the 7(q)
curve further proves the multifractal behavior of the dataset.

10 - Fluctuation Function

.'.‘". . . =
.“;
0% 00 eyt

w a%'f""o :
,,,,,,,,,, o qg=10
g=6
1 ‘
50 500
S

Figure 6. Log-log representation for the function of rainfall data fluctuation for 4 = 10 and g = 6,

with 50 segments or windows.
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Figure 7. Function h(q) and 7(g) for values between 4 = —10 and g = 10 with 50 segments

or windows.

Figure 8 displays the multifractal spectrum of the rainfall time series computed over a

full range of moment orders, with q varying from —10 to 10.
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The multifractal spectrum depicted in Figure 8 exhibits a concave profile, with distinct
segments of the structure characterized by varying Holder exponents («), thereby confirm-
ing the multifractal nature of the signal through the corresponding f(a) distribution. In
this study, the spectrum width (Ax) was computed for the rainfall time series, yielding
Xmax = 0.69 and a5, = 0.40. Consequently, the spectral width was estimated as Ax = 0.36,
which reflects the range of fluctuation intensities present in the dataset.

This multifractal spectrum shows the right branch to be longer than the one on the
left. This is an indicator of great heterogeneity between the values of the rainfall series.

Keeping up with the results, we carried out a similar analysis as the previous moment
g = 10 but with g = 6. Multifractal spectrums f(«) for values ranging from —6 to 6 were
obtained from functions F(s), h(q) and 7(g). The results are shown in Figure 9.

Multifractal Spectrum
[ o e
o .
0.8 - J .
s
o *
0.6 - S
£ 04 - .
°
0.2 - *
,,,,,,,, e q=(-10,10)
O T T T T 1
0 0.2 0.4 0.6 0.8 1
x

Figure 8. Multifractal spectrum of rainfall series recorded between 1951 and 2001, for values of g
between —10 to 10, with 50 segments or windows.
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(q)
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]
D
I
N
|
o
N
D
()]

Figure 9. Functions i(q) and 7(g) for values g between —6 and 6 with 50 segments or windows. This
function generates a multifractal spectrum.
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In Figure 9 the multifractal nature of the rainfall time series is proved, with a Hurst
exponent of 0.40 and a fractal dimension of 1.60. The convexity of the 7(g) curve fur-
ther supports this behavior. Additionally, a concave spectrum (Aa = 0.27) with notable
heterogeneity is revealed in Figure 10.

1 MuItifracta.I Spectrum
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Figure 10. Multifractal spectrum of rainfall series recorded between 1951 and 2001 for values of g
from —6 to 6 with 50 segments or windows.

The multifractal spectrum shown in Figure 10 is concave, with a5y = 0.64 and
&pin = 0.37, resulting in a spectrum width of Aa = 0.27. The asymmetry of the spectrum,
with a broader right branch, reflects significant heterogeneity in the rainfall data.

3.2. Multifractal Analysis of Precipitation Series by Decades

The decades considered for the multifractal analysis were from 1951 to 2001.

As previously stated, the objective was to derive the singularity spectrum to verify
the presence of multifractal scaling behavior in the decadal precipitation time series and
to examine how the characteristics of one series vary relative to another. Therefore, the
statistical moment “4.” was required to be defined. As an example, it was between —10
and 10. For a ¢ = 10 and applying Equation (9, the profile of the series was determined.
Now, with this defined profile, the fluctuation analysis was conducted for 4 = 10 as shown
in Figure 11. This procedure was conducted in the same way for a moment q = 6. It is
necessary to highlight that in this case the fluctuation analysis was given from 100 segments
or windows. Subsequently, another analysis was introduced for 50 segments, for the
moments g = 10 and g = 6.

As previously noted, the variations in the slope of the fluctuation functions across
decades provide evidence of multiple scaling behavior, thereby confirming the multifractal
nature of the signal in each analyzed period. Accordingly, the slope of the fluctuation
function represents the generalized Hurst exponent associated with the moment of order g,
denoted as h(g).

If we take logarithms on both sides of Equation (15 we obtain the graph of the Hurst
exponent generalized for values of g, in this case between —10 and 10. The results can be
seen in Figure 12, where the functions /1(g) and 7(q) for each of the decades are shown.
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Figure 11. Log-log plot for the fluctuation function by decades of precipitation data taking a g = 10
and 100 segments or windows.
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Figure 12. h(q) and 7 (g) functions for values of q between —10 and 10 per decades of precipitation
data taking a value of 100 segments or windows.

Figure 12 illustrates that the decadal precipitation time series exhibits multifractal
characteristics, as evidenced by the pronounced dependence between the generalized
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moment order g and the scaling exponent 7(¢). Distinct behaviors are observed for negative
and positive values of g, reflected in the variation in the slope connecting the respective data
points. Based on the relationship between the generalized Hurst exponent /(g) and the
classical Hurst exponent H (i.e., h(q = 10) — 1 = H), the Hurst exponent was estimated
for each decade. Subsequently, the fractal dimension was derived using the expression
Dy =2 — H. These results are summarized in Table 1.

Table 1. Values of the Hurst exponent and fractal dimension for a time g = 10 and 100 segments

or windows.

Series Hurst Exponent Fractal Dimension
1951-1961 0.37 1.63
1961-1971 0.44 1.56
1971-1981 0.36 1.64
1981-1991 0.33 1.67
1991-2001 0.37 1.63

The previous table shows the values of the Hurst exponent and the fractal dimension
by decades, taking 100 windows as a partition of the support set and a g = 10. Remarkably,
similar values were found for the following decades: [1951-1961], [1971-1981], [1981-1991]
and [1991-2001]. For the [1961-1971] decade there is a slightly higher value. On the other
hand, the exponent values are less than 0.5, which allows us to infer that the precipitation
series shows anti-persistence. Therefore, if in a small time range the precipitation increases,
there is a high probability that in the following time range the precipitation will decrease.

In Figure 12, for negative values of g, there are 7(g) slopes, and for positive values,
there are also 7(q) slopes. Therefore, the curves are convex, indicating the presence of
multifractal characteristics. It can also be noticed that the 7(g) curves corresponding to
the precipitation series over the decades are overlapped for values of g > 0. Nonetheless,
for values g < 0 there is a different situation that can be explained with the help of
multifractal spectra.

Again, using Equation (16), corresponding to the pair of Legendre transformations, the
multifractal or singularity spectra were determined. In Figure 13, the multifractal spectrum
of precipitation can be seen for values of 4 between —10 and 10.

,,,,,,,,,, o— 1951-1961
—a— 1961-1971

1971-1981
—x— 1981-1991
—%— 1991-2001

Multifractal Spectrum

0.8 ‘sgt}: ————p . n
el

-0.4

Figure 13. Multifractal spectrum of the precipitation series recorded by decades, f(«) from the h(q)
and 7(g) functions for values of g from —10 to 10, and 100 segments or windows.
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Figure 13 displays a concave multifractal spectrum, consistent with the presence
of multifractality in the precipitation time series. The various segments of the curve
are defined by distinct Holder exponent values («), which collectively give rise to the
singularity spectrum f(«). The f(a) values are associated with the variation coeffi-
cient of the precipitation series. In this analysis, (Aa) was estimated for the precip-
itation data series whose values are reported in Table 2. The range or width (Ax)
of the multifractal spectrum can be seen in this table, it increases in order of the se-
ries [1951-1961] < [1961-1971] < [1991-2001] < [1981-1991] < [1971-1981]. The (Aa) val-
ues represent the range between the maximum and minimum precipitation values. The
series for the years [1971-1981] have the maximum value of (Ax), indicating greater vari-
ability in the precipitations for this decade. On the other hand, the above spectra have a
longer right branch than the left one, which indicates a great heterogeneity between the
precipitation values of the series. When a branch of a spectrum is overlapped with respect
to another multifractal spectrum, it indicates similarity in the data. As an example, there
are the spectra of the series of [1951-1961], [1971-1981], and [1981-1991]; the left branches
of these spectra are overlapped, therefore the first years of these decades show similarities
in the behavior of the precipitations.

Table 2. Values of a;,y and a,,;;, to obtain the width of the multifractal spectrum for g = 10 and
100 segments or windows.

Series &max &Kinin &max — Kmin
1951-1961 1.21 0.30 0.91
1961-1971 1.33 0.38 0.95
1971-1981 1.61 0.26 1.35
1981-1991 1.50 0.24 1.26
1991-2001 1.40 0.30 1.1

Now, the previous analysis was conducted for a moment g = 6. Just as in the previous
case, the analysis of fluctuations was given from 100 segments or windows. The behavior
of the series was very similar to Figure 11, therefore the results were shown directly for
q==6.

From Equation (15), the graph of the Hurst exponent, generalized for values of g, was
obtained, in this case between —6 and 6. The results are observed in Figure 14, where the
functions h(q) and t(q) are shown for each of the decades.

The multifractal behavior of the precipitation series is shown in Figure 14 and the
results in Table 3.

Table 3. Values of the Hurst exponent and fractal dimension for a moment g4 = 6 and 100 segments or

windows.
Series Hurts Exponent Fractal Dimension
1951-1961 0.42 1.58
1961-1971 0.47 1.53
1971-1981 0.42 1.58
1981-1991 0.39 1.61
1991-2001 0.42 1.58

Table 3 shows the values of the Hurst exponent and the fractal dimension by decade,
taking 100 windows as a partition of the support set and a 4 = 6. As for the analysis of
g = 10, similar values were maintained for the following decades: [1951-1961], [1971-1981]
and [1991-2001]. For the [1981-1991] decade, there is a value of 0.39, and for 1961-1971,
there is a value of 0.47. Compared to Table 1, the values for g = 6 increased. In this case,
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the exponent values were also less than 0.5, allowing us to infer that the precipitation series
shows anti-persistence character. Thus, convex 7(g) curves can be seen in Figure 14, which
indicates multifractal behavior. For g > 0, the curves overlap, while for g < 0, there are
some differences, explained by the multifractal spectrum from Figure 15.

Generalized Hurst Exponent
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Figure 14. (g) and 7(g) functions for values of 4 between —6 and 6 for decades of precipitation data
taking a value of 100 segments or windows.

The multifractal spectrum shown in Figure 15 is also a concave function like the other
introduced spectra. The distinct parts of the structure are characterized by different values
of («), leading to the existence of the multifractal spectrum f(«). The f(a) values are
associated with the coefficient of variation in the precipitation series. In this analysis, (Aa)
was estimated for the precipitation data series and these values are reported in Table 4,
in which the range or width (Aw) of the multifractal spectrum can be seen. It increases in
order of the series [1951-1961] < [1961-1971] < [1991-2001] < [1981-1991] < [1971-1981].
This behavior is like the analysis for a ¢ = 10. The (Aa) values represent the range between
the maximum and minimum precipitation values. The series from [1971-1981] have the
maximum value of (Ax), which indicates a greater variability in the precipitations that
correspond to this decade.
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Table 4. Values of a4 and «ay,;,, to obtain the width Ax of the multifractal spectrum for g = 6 and
100 segments or windows.

Series Kmax Xmin Xmax—min
1951-1961 1.20 0.33 0.87
1961-1971 1.33 0.40 0.93
1971-1981 1.62 0.28 1.34
1981-1991 1.52 0.27 1.25
1991-2001 1.40 0.33 1.07
- Multifractal Spectrum e 1951-1961
— & 1961-1971
egﬁz:,'fft 1971-1981
0.8 - Y 4 % 1981-1991
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ér
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Figure 15. Multifractal spectrum of the precipitation series recorded by decades, f(«) from the h(q)
and 7(g) functions for values of g from —6 to 6 and 100 segments or windows.

Finally, making a comparative analysis between the widths corresponding to the
multifractal spectra for g = 10 and q = 6, it can be seen that (Ax) increases as the moment
q is greater.

We introduce a similar analysis below for the same moments g = 10 and g = 6, with
the difference that in this case 50 segments are used to divide the support set.

Previously, it has been shown that the functions /(g) and 7(gq) corresponding to the
precipitation series by decades have multifractal behavior. These results are shown in
Figure 16.

The Hurst exponent and fractal dimension by decade are shown in Table 5.

Table 5. Values of the Hurst exponent and fractal dimension for a moment q = 10 and 50 segments
or windows.

Series Hurts Exponent Fractal Dimension
1951-1961 0.34 1.66
1961-1971 0.39 1.61
1971-1981 0.41 1.59
1981-1991 0.42 1.58
1991-2001 0.37 1.63

Table 5 shows the values of the Hurst exponent and the fractal dimension by decades,
taking 50 windows as a partition of the support set and a ¢ = 10. The values of the
Hurst exponent are slightly variable between the series under study, and are less than 0.5,
allowing us to infer that the precipitation series show anti-persistence.
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Figure 16. Functions (q) and 7(g) for values of 4 = —10, 10 for decades of precipitation data taking
a value of 50 segments or windows.

The multifractal spectra of precipitation for values of g4 from —10 to 10 is shown in
Figure 17.

The multifractal spectrum introduced in Figure 17 is also a concave function like the
other presented spectra. The different parts of the structure are characterized by different
values of («), leading to the existence of the multifractal spectrum f(«); the f(«) values are
associated with the coefficient of variation in the precipitation series. In this analysis, (Ax)
is estimated for the precipitation data series. These values are reported in Table 6 where the
range or width (Aw) of the multifractal spectrum can be seen. It increases in order of series
[1981-1991] < [1951-1961] < [1991-2001]. The series of [1961-1971] and [1971-1981] show
similar values. It is important to highlight that in estimations with fluctuation analysis from
fifty segments or windows, values of (Ax) are lower than those obtained in the analysis
with 100 windows. Therefore, in this case, the variability of the precipitation at this scale
is lower.
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Table 6. Values of aj,y and a,;, to determine the width Ax of the multifractal spectrum for g = 10
and 50 segments or windows.

Series &max Kimin Kmax —&min
1951-1961 0.92 0.28 0.64
1961-1971 0.98 0.32 0.66
1971-1981 0.92 0.26 0.66
1981-1991 0.86 0.36 0.5
1991-2001 1.05 0.29 0.76

Multifractal Spectrum
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Figure 17. Multifractal spectrum of the series of precipitations recorded by decades, f(«) from the
h(q) and t(gq) functions for values of q from —10 to 10 and 50 segments or windows.

The series of the years [1991-2001] have the maximum value of (Aw). This indicates a
greater variability in the precipitations corresponding to this decade. The right branch of
the spectrum is longer, which indicates heterogeneity, and the overlapping branches, such
as for 1951-1961 and 1981-1991, suggest similar precipitation behavior.

Another important aspect to mention is the accumulation of points at the extremes of
the spectrum, when it is more pronounced it indicates the existence of extreme values far
from the mean. This behavior can be seen in the left branches, corresponding to the series
of 1961-1971 and 1991-2001.

Finally, the analysis for the moment g = 6 is introduced, remembering that 50 segments
are used to divide the support set.

According to Equation (15), the generalized Hurst exponent /1(g) was computed for
values of g ranging from —6 to 6. The resulting scaling behavior is illustrated in Figure 18.

The values of the Hurst exponent and the fractal dimension by decades are shown in
Table 7, considering 50 windows as a partition of the support set, and a 4 = 6. The values of
the Hurst exponent are slightly variable between the series under study, and are less than
0.5, which allows us to infer that the precipitation series show anti-persistence character.

The multifractal spectra of precipitation for q values of —6 and 6 are shown in
Figure 19.
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Figure 18. h(q) and t(q) functions for q = —6 and q = 6, calculated from decadal precipitation data
using 50 segments (or windows).
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Figure 19. Multifractal spectrum f(o) of precipitation data by decades, based on h(q) and T(q)
functions for q = —6 and q = 6, with 50 segments.
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Table 7. Values of the Hurst exponent and fractal dimension for a moment 4 = 6 and 50 segments

or windows.

Series Hurst Exponent Fractal Dimension
1951-1961 0.38 1.62
1961-1971 0.43 1.57
1971-1981 0.48 1.52
1981-1991 0.45 1.55
1991-2001 0.41 1.59

The multifractal spectrum introduced in Figure 19 is also a concave function like the
other introduced spectra. The different parts of the structure are characterized by different
values of f(«), leading to the existence of the multifractal spectrum f(a). The f(«) values
are associated with the coefficient of variation in the precipitation series. In this analysis
(Aw) is also estimated for the precipitation data series. These values are reported in Table 8.
In this table the range or width (Aa) of the multifractal spectrum can be seen, increases
in order of series [1981-1991] < [1971-1981] < [1951-1961] < [1961-1971] < [1991-2001]. It
is important to highlight that in estimations with fluctuation analysis from 50 segments
or windows, (Aw) values are lower than those obtained in the analysis from 100 segments
or windows.

Table 8. Values of a4 and ay,, to obtain the width of the multifractal spectrum for ¢ = 6 and
50 segments or windows.

Series &max Kimin Kmax — &min
1951-1961 0.88 0.31 0.57
1961-1971 0.95 0.35 0.60
1971-1981 0.87 0.35 0.52
1981-1991 0.84 0.39 0.45
1991-2001 1.02 0.33 0.69

The series of the years [1991-2001] continued to have the maximum value of (Aw),
indicating a greater variability in the precipitations corresponding to this decade. On the
other hand, the multifractal spectra had a similar behavior to the analysis for a 4 = 10,
where the branch on the right kept being longer than the one on the left, indicating a great
heterogeneity between the precipitation values of the series. When a branch of a spectrum
overlapped with respect to that of another multifractal spectrum, it indicated similarity in
the data. The branches on the right in the multifractal spectra of the series corresponding
to [1951-1961] and [1981-1991] were overlapped, therefore there are similarities in the
behavior of the precipitations.

In the previous analysis for a g4 = 6, there is no accumulation of points at the ends of
the multifractal spectra, contrary to the case for a ¢ = 10 and with the same resolution in
the partition of the support set.

Finally, making a comparative analysis between (Ax) corresponding to the multifractal
spectra for a g = 10 and g = 6, and considering the obtaining of the fluctuation function
from a number of windows or segments equal to 100 and 50; it was found that (Ax)
increases as the moment 4 is greater than (Aa) and the analysis of windows is greater.

Following [31], the adjustment of the experimental multifractal spectra could be carried
out, in this case for moments of order ¢ = —10,...,10. The binomial spectrum was used as
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a theoretical spectrum, given a probability p, a resolution J, and moments g, defined by the
following pair of parametric equations:

__pTogp+ (1—p)7log(1—p)
= [p7+ (1 —p)"]log(1/9) (17)
and [o71 (1—p)"log(1—p)]
log o7+ (1—p)7] — q]p7log p+(1—p)7log(1—p
fla(q)] = | ] [o7+(1=p)"] | o)

log(1/9)

The binomial spectra used were transformed as a(q) <— ca @(q) and fla(q)] <= cfla(q)],
where ¢, and ¢ are two adjustment factors. The theoretical and experimental graphs
are compared in Figures 20-24, corresponding to the decades [1981-1991], [1991-2001],
[1951-1961], [1961-1971] and [1971-1981], respectively. The values of 6, p, cx, and cf, as
well as the fractal dimensions of the support (q = 0) and information (g = 1), respectively,
are presented in the figures. The good agreement between the equivalent and experimental
binomial spectra was clearly demonstrated.
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Figure 20. Comparison of the experimental and binomial spectra for the values of § = 0.5, p = 0.315,
ce = 0.55and ¢y = 1. With fractal dimension f[«(0)] = 1 and information f[a(1)] = 0.90.

: Multifractal Spectrum

R % 1991-200]1
0.8 - X X (experimental)
0.6 - X 1991-2901
% X (binomial fit)
3 0.4 - ))((
[
X
0.2 . &
D4
r 0 T T § T 1
-0.3 0.2 0.7 1.2 1.7
-0.2 -
[ 4

Figure 21. Comparison of the experimental and binomial spectra for the values of § = 0.5, p = 0.275,
ca = 0.535 and ¢ = 1, with fractal dimension f[«(0)] = 1 and information f[a(1)] = 0.85.
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Figure 22. Comparison of the experimental and binomial spectra for the values of 6 = 0.5, p = 0.260,
ca = 0480, and ¢y = 1, with fractal dimension f[a(0)] = 1 and information f[a(1)] = 0.83.
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Figure 23. Comparison of the experimental and binomial spectra for the values of § = 0.5, p = 0.283,
¢ = 0.550 and c; = 1, with fractal dimension f[«(0)] = 1 and information f[a(1)] = 0.86.

The theoretical mean and the experimental mean graphs are compared in Figure 25 cor-
responding to the average of the decades [1951-1961], [1961-1971], [1971-1981], [1981-1991]
and [1991-2001], respectively. The figures show the values of J, p, ¢,, and ¢ £, as well as the
fractal dimensions of the support (g = 0) and information (g = 1), respectively.
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Figure 24. Comparison of the experimental and binomial spectra for the values of § = 0.5, p = 0.325,
ce = 0.61 and c¢ = 1, with fractal dimension f[«(0)] = 1 and information f[a(1)] = 0.91.
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Figure 25. Comparison of the experimental and binomial spectra for the values of 6 = 0.5, p = 0.2916,
ca = 0.545, and ¢y = 1, with fractal dimension f[(0)] = 1 and information f[a(1)] = 0.87.

4. Conclusions

The present study confirmed the multifractal characteristics of daily precipitation
time series through the application of the Multifractal Detrended Fluctuation Analysis
(MFDFA) method. This approach enabled the extraction of key multifractal complexity
parameters, namely ag and Ag, and facilitated the construction of multifractal spectra based
on observations from a single climatological monitoring station.

Furthermore, the estimation of the generalized Hurst exponent /(g) allowed for
the characterization of the precipitation time series in terms of its temporal dynamics,
distinguishing persistent, anti-persistent, and stochastic behaviors across different scales.

Secondly, the application of the Multifractal Detrended Fluctuation (MFDFA) further
validated the multifractal nature of the precipitation time series. The pronounced linear
relationship between log F,(s) versus log s, together with the consistent shapes of the result-
ing multifractal spectra, supports the suitability of the data for multifractal interpretation.
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Moreover, the strong dependence between the moment order g and the scaling mass ex-
ponent 7(¢q) confirms the multifractal behavior of the signal. Distinct responses for g < 0
and g > 0 reflect asymmetries in the slope connecting both regions, indicative of structural
heterogeneity. The derived multifractal spectra also enabled the accurate estimation of
the fractal dimension of the support set and the information dimension, providing further
quantitative insight into the complexity of the precipitation process.

The value of the Hurts exponent of a synthetic monthly series is like that obtained from
the observed monthly data. Similarly, the fractal analysis of precipitation at the considered
climatic station allows us to conclude that

The preliminary results show that the series under study are persistent (i.e., there is a
high probability that precipitation will increase in a time range immediately after a range
where a decrease is observed).

The fractal dimension of the precipitation series is close to the unit, indicating that it is
a signal of limited and highly persistent variation. The information dimension of less than
the unit indicates that the subset where the measurement is concentrated is not equal to the
interval of variation in the same.

Regarding multifractal analysis, it has been shown to be an adequate and efficient tool
to characterize precipitation series. The multifractal spectra derived from the Centenario
Dam climatological station exhibit pronounced asymmetry, with extended right-hand
branches in most cases. This pattern reflects substantial heterogeneity in the temporal
distribution of precipitation.

In some multifractal analyses conducted by decades, the spectrum presents values less
than zero, which are not a product of the characteristics of the series itself, but of numerical
instabilities due to divergence of the moments, given the proximity to zero.

The experimental multifractal spectra were well fitted with a theoretical binomial spec-
trum, which has allowed the estimation of the fractal dimension of the precipitation support
set while maintaining a good precision in the calculation of the information dimension

Consequently, due to the similarity of the different multifractal spectra obtained for
each of the five decades of precipitation observations, the precipitation can be estimated
at different time scales with an average multifractal spectrum. Therefore, the application
of multifractal theory is encouraged in future studies, as it offers a robust mathematical
framework to explore scale invariance and to characterize the behavior of climatic variables
through scaling laws defined by their associated exponents.

Finally, this study enhances the understanding of hydroclimatic dynamics in the
Semi-Arid Central Mexican Plateau and provides a scientific basis for developing precipita-
tion forecasting models. Such predictive tools are essential for designing climate change
adaptation strategies, particularly in regions vulnerable to drought and water scarcity.
Future research could focus on integrating multifractal analysis with climate models and
remote sensing data to improve both spatial resolution and predictive accuracy. Applying
these methods to short- and medium-term precipitation forecasting under various climate
scenarios, and conducting comparative studies across regions and time scales, could inform
early warning systems and strengthen evidence-based water resource planning. These
advances support the goals of Sustainable Development Goal 13 (Climate Action).
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